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troduction

n [1] and [2] explicit one-step methods were investigated for the

cal integration of initial value problems for linear equations of

pe

ﬁ and F are (vector) functions of the variable t and D is a matrix
onstant coefficients. These methods are based on repeated differen-
n with respect to t of the right hand side of (1.1).

hen initial value problems are to be solved for non-linear equations

: type

du ~

3 - 8U,t),

r methods can be used, provided that the derivatives of H{U(t),t) with
4t to t can be expressed in the preceding ones. Locally, the stability

ions for equations of type (1.2) are the same as the conditions for

men the function H(ﬁ,t) cannot be easily differentiated one may

. to Runge-Kutta type methods which are exclusively based on evalua-
of the right hand side of (1.2). In this paper we shall derive

it Runge-Kutta formulae which have an accuracy of order p, p = 1,2,3,k4,
stability polynomial of the type

1.2

+ 51 z + ... + P+

Pn(z) =1+ 2z z + ... + ann,

the coefficients Bp -» B, may be chosed arbitrarily. This

+1°
ty enables us to appiy the stability theory, developed in [1], [2],
1ge-Kutta schemes.

. second feature of the formulae given in this paper are the limited
;e requirements of the computational scheme, which make them appropri-
)r integrating large systems of equations such as the systems arising

vartial differential equations.




Finally, by choosing n sufficiently large,
approximate the first neglected terms in the Tay
analytical solution. These formulae can be used
error of the method. Furthermore, when variable
may base a step size strategy on monitoring this
error. In connection with this it may be remarke
Runge-Kutta formulae, oniy approximations of the
available, which is a rather pessimistic startin
diction (cf [5]).

This paper is concluded with the explicit f
first order exact and a five-point, second order
which may be usefull in integrating respectively

non linear hyperbolic differential equations.

ae are derived which
pansion of the local
timating the local

are to be used, one
ate for the local

t in using standard
correction terms are

t for step size pre-

tion of a four-point,
Runge-Kutta formula

inear parabolic and




Polynomial methods

Consider the non-linear initial value problem

du ~
at = H(t,U), t > 0,
U =Ty t =0,
e ﬁo is a given initial function. Suppose that H has continuous

vatives with respect to t and U of up to order n. Then, in analogy
he scheme for linear problems given in [1], formula (2.8'), we may

.ne the p-th order exact scheme

u, = UO’
_ (1), 12 (2) 1_p (p) p+1_(p+1)
Wy = YhTe T ST Cp L o Cx +Bp+1T Cp to..
) ﬁ
ot Bnrncin), K=0,1,2,c0.,
(j) _ &’

Ck _——3-_1}1 .

at (tk,uk)

Y Uy denotes the différence solution at t = tk = kT.

Of course, schemes of this type only are of practical value when
derivatives of H can be obtained easily.

As in the linear case, the stability of (2.2) is investigated by
sidering the generating polynomial

2 1

3) P (z) =1+2z+ %z b+ 5P e g P n

Z + ... F z .
BIl

; is suggested by locally linearizing equation (2.1). In doing so

>btain

~

au

2 at

= DU + F, (t),




Fi(8) = H(t,,0(t,)) + (e-t,) H (£,,0(¢)) - D T(t,)

. is the matrix (dij) with

S

4 = ;ﬁ—?J—) B (e, 8,)).

.S expression ﬁ(j) and H(i) respectively denote the j-th and i-th
lent of the (vector)functions ﬁ and H.

)lying the linear stability theory to equation (2.L4) we arrive at
mial (2.3) as the polynomial which governs the local stability.
\gh representation (2.4) is only approximate and, therefore, sta-
" considerations based on (2.4) are not rigorous, the stability
ions obtained in this way are quite satisfactory in actual appli-
is. For a discussion of the problem how to choose the polynomial
for a particular equation we refer to references [1] and [2].

t may be remarked that, centrary to the linear case, the stabilit
ion associated to non-linear problems will depend on 128 since the

alue spectrum of Dk may change with tk.




Runge-Kutta type schemes

In many cases the function H(t,U) is a complica
ves of H are not easily obtained. To overcome th
proposed a computational scheme which only requi

he function H at, say n, points per timestep.

General structure of the scheme

The general n-point formula is of the form [L]

u, = UO’
- (0) (n-1
T M k-
(0) _
r, = TH(tk,uk),
(1) _ (0)
r, = TH(tk+u1T,uk+A10rk ),
) <
(3) _ (0) (3-1
r.' = TH(tk+pjT,uk+>\jOrk +"'+)‘jj—1rk
(n-1) _ (0) ‘
T = TH(tk+un_1T,uk+An_10rk +...+An_.

; scheme can be characterized by the matrix

u "o 0 ..
Mo *20 21 -
) R = : . : .
Hpo An-10 A1 -
0 0, 0, ..

e and deri-
ficulty Runge

e evaluation

)
cg e ey

1—2))




In the following subsections we shall derive consistency and local
1ity conditions. These conditions will lead to relations between
mtries of the matrix R. The final values of the parameters are

'‘mined by considerations of simplicity and storage requirements.

Consistency conditions

(3)

The vectors r.oTs j =0,1,...,n=1, introduced in the preceding sub-

.on are functions of the step T. By expanding these vectors in a

)r series with respect to T (it is assumed that H has derivatives
ifficiently high order) we can set up the polynomial approximation
of W By identifying the first p+1 terms of this polynomial with
'aylor series in T of W Ve obtain the consistency conditions for
order accuracy. In carrying out this program one usually makes the
mptions (ef. [5])

J=1

Aer = Hey J = 1,2,0..,0=1.
Ji J

1=0 s

\1s paper we always assume that these conditions are satisfied.

A straightforward calculation yields

r§0) - Tcé1),
2D 4y B L 12360, )
r£2) = T°é1) * “2T2°i2) * %“g (e £3)-chk2)) *
4 REACI
r1(;]) - T(3}({1) - ¢-) N ‘2‘“ 2.3(.(3 ( ) chv(z)) +
; j; iy el e

ese expressions the vectors céJ) are the same as in formula (2.2).




Substituting the Taylor series for réJ) into formula (3.1) we find

xpression of the form

) uk+1 = uk + B1TC£1) + 82T20§2) + B3T3C§30) —631 3c£31) +
h L
b Byt L (ho) . _ﬁh1 L éh1) + 81 (h2) . Zﬁh3r c(h3)
+ 0(1”).

, the vectors céal) can be expressed in the partial derivatives of

function.H(t,ﬁ) (see [5]). For instance

(30)
T %%k

(31) (3) _ (2)
Cx Cx Doy -

parameters B.. are defined as

Jl
n-1
81 = .Z ej’
J=0
ni1
B, = B.H.,
2 52q 479
n§1 ji1 n§1
B, = €. A.ouos B = B.u.,
30 52p dq=q T 3T oy
-1 =1 1-1 n=1  j=1
) 4 n 2
B, = ) 6. ) A.. ) A .u., B Yo6. ) A..uS,
4 593 9 192 j1 52, 137 41 je2 9 1= j1
n-1 ji1
B = 6.u Ho s
42 je2 99 129 Ji'1
n-1
3
Byo = ) O:U3,
43 s 49

On the other hand, we have for the local analytical solution ﬁ',

. the integral curve through the point (tk,uk), the Taylor expansion
. [51):




(1 1.3 (30) , 1 _3.(31)
Uppq S F 1o TR pT e TR gTeT T Ty Y

£h3) + 0(15).

entifying the coefficients of corresponding terms the consistency

tions can be derived. We find
Table 3.1. Consistency conditions for p = 1,2,3,k.

P | By | By | B3 | Bgq| By | Byq | Bys | Bys

2 1 1/2
3 1 1/2| 1/6 1/3

L 1 1/2| 1/6| 1/3| 1/24| 1/12| 1/8 | 1/k

Stability conditions

In order to investigate the local stability properties of Runge-
. type schemes we apply the scheme to the locally linear represen-
n (2.4) of the differential equation (compare section 2). It is

y verified that schemeb(3.1) reduces to

_ (0) (n-1)
Wy =9t 0T Tt e H O T s

(0)

r, = T[Dkuk+Fk(tk)],
ri1) = T[Dkuk+A1oDkriO)+Fk(tk+“1T)]’

re compactly

Ut = Py (1D Juy + Tél(;n)’

: Pn(z) is the polynomial
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7) pn(z) =1+ B1z + 8222 + ...+ ann.

coefficients Bj are expressed in the Runge-Kutta parameters by (3.5).

(n)

vector ék

is determined by the vectors Fk(t +ujt). We observe that
is not identical to the inhomogeneous term gkn) which is obtained

)
1 the polynomial method described in [1] is applied to equation (2.4).
:an be proved that they differ by a term 0(tP), p being the order of
iracy of the scheme (compare [1], section 3).

Having established the polynomial which governs the local stability
;he scheme we can set up the stability conditions by applying the
sar theory as presented in [1] and [2]. For future reference we give
;abel 3.2 some important examples of stability polynomials which in
linear case generate a first, second, third and again a second order

't scheme, respectively.

Table 3.2. Coefficients of some stability polynomials

81 By 83 B), 85 stability condition
1 5/32 1/128 1/8192 § real, T < 32/0(D,)
1 1/2 .078 .0036 § real, T < 12/0(D,)
1 1/2 1/6 .0185 § real, T < 6/0(Dy)
1 1/2 3/16 | 1/32 | 1/128 | ¢ imaginary, T < b/o(D,).

Comparing this table of Bj values with table 3.1 we see that the
r of accuracy in the non-linear case is the same as in the linear

Conditions for saving storage

Finally, conditions are given to limit the storage needed to
mplish the calculations. This is important when dealing with sets
quations arising from partial differential equations. In such céses
number of equations equals the number of grid points used to discre-

the space derivatives. This number may be very large (1000 or more).
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Consider the following computation scheme for LHIPE

70 = (e ,u), ey = e+ 7S
;£1) = TH(t, T,uégz+X r(O)) + v r(O) uélz = u;gz + 8.7 '(1)
'ﬁ = (1), =(1) =(1) _(2) o (1) (2)
riz) = TH(b Tty pH AT )+ Yoty s Ty S g Bty
R = e, R A e in ? g =
- (n=2) = =(n-1)
=gyt T -

) 55, Aj, vj and uj are free parameters.
yusly, this scheme requires storage of only three and in cases where
soupling of the differential equations is weak two arrays. Also,

Xj = 0, only two arrays are necessary

We shall try to wrlte our Runge—Kutta formulae in this form. For

ince, for n = 3 scheme (3.8) is equivalent with scheme (3.1) generated

1e matrix
[, Bt 0o ]
R= | u, eo+e v ALY, §1+x2
By¥8,v,+0,vv, 8,+8,v, 5,

raighforward calculation yields the following expressions for the
neters éj’ Aj and vj in terms of the Runge-Kutta parameters Sj, Ajl:
_ 22078

A21784

B - ) = - ) =
) )% T 8 = 84V 8y = 8y = v 8y = 8y,
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parameter v, may be arbitrarily chosen.

. (3.9) we conclude that a 3-point Runge-Kutta type scheme can alwa
ritten in from (3.8) provided that

z .
0) Ay * 8y
An important special case of scheme (3.8) arises when

1) v. =0, =1, ..., n=1.

his case the analysis of consistency and stability simplifies

.iderably. The corresponding matrix R reduces to

", A1+§O 0 0 oo 0
b, 50 >\2+51 0 een 0
My S B A, ' 0

2) R = : : : B :
Mo 50 61 .. 6n_hxn_2+6n_3
. 8, 5, cee B én_3 Apo1¥0, 0
50 6, 52 cee 6n_3 én_2 én_1

@
1
@

i=0, 1, ..., n-1,

A5 = Asq = 05 s =1, 2, ..., n-1.

shermore, the Runge-Kutta parameters Ajl have to satisfy the

straints




2) A,jl = 61, 0 -

any cases we may i outting

3) 6. =0, j="
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Jolution of the consistency and stability equations

In this section we try to solve the equations which arise when the
neters Bj and le, defined in formula (3.5), are given fixed values,

instance the values listed in tables 3.1 and 3.2.

First order exact schemes

Let us start with the class of first order exact schemes and let us
to find a solution of the consistency and stability equations under
constraints (3.12) and (3.13). First we give the expression for the
meters Bj when these storage saving conditions are introduced into

). We find

60 + Gn_1,

—_
™
—_
[}

B, = 6 (60+A

2 n-1 )s

n-1n-2

63 = en—1>\n-1n-2 (60+An—2n-3)’
)
! n-1
! Bj ) en-1 l=n?j+2 A11'1 (eo+xn-j+1n—j)’
T
By = %n1 121 M1t

e equations are easily solved for 60 and Ajj 1t
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= - 0
eO 81 n-1°
B
A - —2 _ 9
n-1n-2 ~ © 0°
n-1
B
3 6
—on-3 A - 4
n-2n-3 n-1 n-1n-2 0
)
z ° o °
A = n—'j+1 - 6
JJ-1 n-1 0’
6 m A
n-1 541 11-1
Bn
A = .
10 n-1
® 1 I All 1
n- 5 -

Next we consider the conditions for a first order, stabilized sche

the preceding section it follows that these conditions are

My = A0

B. has a prescribed value, j = 2, ..., n.

>usly, these conditions can be satisfied and the Runge-Kutta para-

"5 His Ajj-1 and 6, are completely determined by (4.2) and (4.3),

ided that

) ] 20, ).

e 35-1 20, J =2, ooy n=1.

that en_1 may assume every non-zero value. We may take advantage
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.his free parameter to simplify the d

us take Gn 1 =’B1. Then the Runge-Ku

;erms of the parameters Bj alone and

ix
8 B
n n
B B 0
n-1 n-1
B B
n-1 n-1
n-2 n-2
5) R = 8t : :
= 0
2
B2
B 0
1
0 0 vee

. Second order exact schemes

When, in addition to (4.3), we imp

dition (see table 3.1).
=1
6) 82_2,

obtain the class of second order, st
ons of the preceding subsection also
ce we only require that the prescrib

In particular, the generating matrix

1
5

. Third order exact schemes

For third order accuracy we have t

mce scheme. For instance,
irameters can be expressed

‘ive at the generating

0
0
=
B
2
o 2
B1
0 By

the difference scheme the

ed schemes. The consider-
to the second order case
ue of B, in (4.3) is just

can be used with 81 = 1

ire (see table 3.1)
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B, = g
=1
By = 3

ve from (3.5) and (L4.3) that

_ 2
Baq = Oy (8g*_1p0) ™

ituting the expression for 90 and An—1n—2 as given in (4.2) we

=3
6 =i

n-1

the relations (4.2), (4.3) and (L4.9) with 82 =-% and 83 = %

etely determine the parameters of the class of third order, stabi-

| Runge-Kutta type schemes.

Fourth order exact schemes

Since we have to satisfy three additional conditions in the case
urth order accuracy (cf. table 2.1) we temporaly drop the storage
\g conditions. Consider the standard fourth order Runge-Kutta formu

| is characterized by the matrix (cf. [4])

1 1

5 5 0 0

1 1

> 0 > 0

)) R = .

1 0 0 1

1 1 a1 1

6 3 3 6

L .

formula suggests to consider n-point formulae characterized by

.ces of the type
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1
L 0 0
2
1 1
2 2 °
u A A
3 31 32
u A A p)
N L1 L2
1) : :
u A A
n-2 0 n-21 n-22
1 0 0
1 1
= — 0
6 3
lmple ¢ ition ] ;0 the following e:
and Bj] sfined mula (3.5):
(
1,
1
23
1 1
%%
1
;:
12) ﬁ
553
; Z / ja
J=1
1 1
T8
1 1
% T8
1
-
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The consistency conditions for fourth order accuracy are given by

and table 3.1. These conditions lead to the equations

this it easily follows that the parameters X., have to satisfy the

Jl

ions

n§3 _ _1_

. n-2j. 2’
) J 9= T

n-3 J-1

1
YoOA . ) Al =g
3521 n-2j 2, J1 N

To these equations we have to add the stability conditiomns, i.e.
) Bj has a prescribed value for j = 5, 6, ..., n.

, we solve (4.13) and (4.14) for n = 5 and n = 6. Then, when we
obtained enough information about the structure of the equations

solved, a general solution will be given.

point formula

For n = 5 we find

= 1
) Bs = 2 A32'

g 65 the value prescribed by the stability polynomial to be used,
tain from (4.13) and (4.15) the equations
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- 1_ =
16) A30 0, A31 =3 2&35, A32 2h85,
*h leads to the generatingmatrix
- : —
> > 0 0 0
1 1
> 0 5 0 0
17) R = 1 0 1-—2h8 2Lp 0
2 2 5 5 :
1 0 0 0 1
1 1 1 1
3 3 3 0 6
-point formula
For n = 6 we have
= 1
Bs = o [hp+2hy5(Ag*ag)) T,
18)
=1
Bg = 21 Ah3*32'

sistency and stability conditions together lead to the

squations for the parameters Ajl:

wing set




22

1
Mot Mgt et g T

40
xh1 + Ah2 + 2Ah3 (A30+A31+A
9) 4
Ahz + 2Ah3 (A31+A32) = 2&85
Ah3x32 = 2&86.
ing
0) A3O = kuo =Ny, = 0

rrive at the solution

1
A, == ==,
31 2 85
B
hey =2
32 65
1) <4
=1
Ah1 =3 2h85,
Ah3 = 2&65

generating matrix is given by

K 1
2 2 0
1 1
2 0 2
B
- |1 1_26
2) R = 2 0 2 B
5
1 1
> 0 5 -2h55
1 0 0
1 1 1
K 3 3

32)

-

o=
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The structure of the generating matrices given by (4.17) and (4.22)
tests to try matrices of the type

:
%- 0 %- 0 0

u3 0 A31 A32 0 0

M), 0 Ah1 0 Ah3 0 0

R I A?h 0 0
oo & 00 e O *nzn-3 O

1 0 0 o0 o 1
SRR o 3

this type of matrices we have the following expressions for the

ficients Bj:

Bn = Eﬁ.j£3 Ajj—1’ n>T,
B =L nﬁe by (A, +A 5), n > T
n-17 12 5, i-r V31T B2
1 B2 1
ho4 8 = gijzs Aisor Gty (ge¥ag))s no> T,
1 n-2
"3 8 525 Y5501 (yg*iys)s 2 8,
g B2 .
Bj = 8-1=n¥j+1 A1-q> 3 =5, 65 «e., n=l, n > 9,




2k

The consistency conditions (4.13) reduce -

1
Aoy = 2

]

1]
]
N

1
Xn-2n—3 2

1

An—Qn—3An-3n—h o

Giving the parameters Bj in (4.24) the va

ficients of the stability polynomial Pn(z)
5) become the relations which determine a
t n-point Runge-Kutta scheme. In solving t

h the cases n = T and n > 8.

n-point formula

A straightforward calculation yields

Ay = 48 3 AZ?;28;B y °
3 —0(F5=2kg

87
=96 N
32 1-h8(85-266)

6) 4 Ay, =2k (85-266),
=21 (- _
N3 =35 (1-48(B-28()),

1
ASh 'é'.

parameters uj follow from (3.3)-




s>int formula (n>8)

First, we define the
n-2
27) L= T X.. ..
n . -1
j=5 99

n (4.24) and (Lk.25) it

(=}
"

1
)4 )

([
[}

27")
681’1-_)4 s I

| \Y
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number

is easily derived tl

t we solve A31, 132, Ah1 and Ah3 from the

?2) to obtain

-28
A = 2 n-1 E ,
| 31 Bn_3-28n_2+ B -1
L Bn
by =
32 Bn—3_2Bn—2+th-—1 ’
28) B .28
A = 1p B=2_n-1
41 L >
n
A = € Bn—3-2Bn-2+th—1
- 743 L,

thermore, we have from (4.25)

1
An-2n—3 T2
29)

=1
‘-3l T2

nn =8 formulae (4.28), (L.29) determine

pletely. When n > 9 we deduce from the las

(4.29)

four equations of

nerating matrix

tion of (L4.24)
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An estimate for the local error

In reference [1] it was shown that in the linear case the discreti-
on error €, i.e. the difference between the analytical and difference
ttion satisfies difference scheme
) €t = Pn(™Dleg + 0y
e Pn(z) is the generating polynomial of the scheme and p, is the

1 error defined by

- T - ]
D P = Uy T Yy

being the numerical result when the scheme is applied at the point
'Uk)'
;he non-linear case we have by first linearizing the differential
ition a similar relation for Sk'which, however, only holds approxi-

ly. Let pn(z) be the stability polynomial (3.7) then we have

1 =
1) €1t P (D )e, + oy -
; approximation is better as T and €, are smaller.

In order to control the total or global discretization error €
should require that !kall is less than same quantity Ny - In actual
utation, however, we cannot compute Px since ﬁk+1 is not known.

refore, one controls the difference

re U' is the local analytical solution (cf. the discussion given in
;, section 2.2).
We now discuss the estimation of pi in terms of the vectors

), j=0,1, ..., n-1. From (3.5) and (3.7) we have




28

(5.31) o! = (1-8)7el )+ -8, %(P) +(g -3 4 2L s,
+ (E%'-Bh)ThC£h0) + ;( Bu1)1h (41) (8’-Bh2) h §h2)
) 1o (83) | o(5).

E(E -By3)T e

Furthermore, we consider a linear combination e of the first n'

+(3)

, 1.e.

— ] (O) ' (n'_1)
(5.4) e = eo ro 4 e 1 Tk .

By substituting Taylor expansions of the vectors ria) into (5.4)

obtain (compare section 3.2)

' = greelM) 4 gic2.(2) | 5,.3,(30) 36 (31)
(5.4") e, = B1Tck + B2T e, o+ 83 cy + —ﬂ31 +
b (ko) 1,, 4 (41)- L (h2) L (h3)
R ) P P * Eﬁu3

where the coefficients Bj and le are defined by formulae (3.6) w
and n are replaced by 65 and n;, respectively.

Comparison of (5.3') and (5.4') suggests to choose the parameters
63, j=0,1, ..., n' in such a way that the first terms in thes

coincide. In table 5.1 several situations are listed.

Table 5.1. Conditions for approximation of pi

Pk | BT | Ba | B3| By | Bl | Bl | By
ek+O(T2) 1‘81
3 1
L 1 1 1
e t0(t7) | 1-8, | 5 -B,| 7 B3 ERRLEY
5 1 1 1 _1 1 !
e t0(t7) | 1-81 | 7 -B5| g -B3| 3 B3y |3y By | T3 ~Buq| B ~Pue

31)

rs

es




29

Suppose we have a Runge-Kutta formula which is second order exact,
. pi = 0(13). Then we wish a third order exact approximation of pi,
instance the approximation e * O(Th). From table 5.1 it follows
5 four conditions have to be satisfied. Hence, at least four para-
2rs 65 are necessary, i.e. n' > h. We shall discuss the cases listed
table 5.1 in greater detail.
%)

= e + O(t

k

Clearly, the conditions are satisfied by

=1 - 81.

From table 5.1 we have

1 ] 1 = -
60 + 61 + ...+ en,_1 1 81,
Blu, + + 8! u ='l—3
171 teT n'-1"n'-1 2 2°
se equations are solved by
1 1
= -B = -B
6) n'=2,8,=1-8, - 2A 2, 6! = EA 2,
10 10
i
= e + o(t")

We have four conditions to satisfy. Let us try n' = L4, i.e.

=1_B1’

1
9'u1+...+6' —2-—82,

3H3
1
3

2
+ ... + 6!
0 u3

3 _B

31°

1
0 0pquy + 83 (A uytAsony) =g - B
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‘aightforward calculation yields:

1 1 1
ue(ul—u2)(g -83) - U1A21[U1(§'-32) - (§'-B31)]

o1 = ,
3 uy (i g=ip ) (gl ooty ) = Hugdy (by-ug)
1
1_5 - r_)e!
. _E By = (Myhgytuphss)oy
- )
2 Hiro
) 9 : : :
ot 2 2 By = 1p05 - 1303
1 u ?

' = - - ] ] ]
) 1 31 (e1+92+e3).

e expressions give the weights 65, provided that
' —-— -
) wy # 05 Ayg 2 05 uyluy ue)(k31u1+l32u2)  uqughsg (uy-ug).

In this way we can find still higher order approximations of pi.
urth order exact representation requires the solution of 8 linear
tions (see table 5.1), a fifth order exact representation 17 equa-
s, and so on. In an actual application it is most convenient to

e these equations numerically for the particular values of Bj used
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Numerical stability

As observed in [1], section 2.3, where linear differential equations
- discussed, we have besides the error Pk @ numerical error p; which
ue to round-off errors in each step of the integration. In order to
rol this error we require that the scheme is numerically stable, that
ound-off errors shall not accumulate during the performance of one
). ‘'This feature is important when large values of n are used.

Consider a Runge-Kutta formula which can be written in form (3.8).

stability considerations we linearize the function H(t,U) to obtain

mlae of the type

J+1 TD + V. +1 TDk féj)

)
-( j+1) = -(3)
! J+1 FVspq) T+ 05D “kJ

e Dk is the Jacobian matrix of the set of differential equations.

For numerical stability we require that the eigenvalues § of the

v

‘ix in (6.1) are on or within the unit circle. Let & be an eigen-

le of Dk then we have two eigenvalues § given by

?) 32 - (1+v.

J+1+(A

j+1+6 +1)T6)6 + (vj+1+kj+2té) = 0.

;his way all eigenvalues § van be calculated and conditions can be

ved to force § within the unit circle.
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pplications

We now are in a position to give explicitly difference schemes wit
.ribed accuracy and stability properties. The examples presented
r are chosen from references [1] and [2].

a1l derive the generating matrix R, the stability conditions and

‘ormula for the local error pi.

Equations with negative eigenvalues

In cases where the Jacobian Dk has negative eigenvalues of which
spectral radius o(Dk) is large, it is recommended to identify the
.lity polynomial Pn(z) with the shifted Chebyshev polynomial
-n_zz) (compare [1], section L4.1). Here, we apply the theory of
)receding sections to the case n = L.

The stability polynomial is given by

3 1 i
* 8192

2y - S .2 _1_
) T+ gg) =1+ 5+ op e

polynomial is compatible with the class of four-point Runge-Kutta
nes of first order and, therefore, a generating matrix of type

) may be used. Substitution of By =1, B, = 5/32, 83 = 1/128 and
1/8192 leads to the matrix.

I ]
o 3N . 0
1 1
20 0 3% O
) R = .
2 2
32 o 0 3
0 0 0 1
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Since the scheme is first order exact a representation of pi is

ssary which is at least second order exact. From formula (5.6) it

ws that

) o) = - 22r£0) + 22r£1) + 0(1d).

.rd order exact representation can be obtained by applying formula

). We find

~ 1 (0) (1) (2) (3) b
oy =gy [3550k6r, "' - 516918r; 7 + 159050r, " + 2822r, =’ + o(t").

Finally, we consider the numerical stability of the difference
te. The generating matrix satisfies the storage conditions (3.11) -

3), or more precisely

= —_ A =

= 1 2
M =B *2 T30 3T 3R
;ituting these values into (6.2) yields

3° - (1+Aj+1r6)§”+ Aj+116 =0, j=0, 1,

§72 - (1+ %%16)_ + §g¢a =0, j= 2.

~ondition |3| <1 for j =0, 1, 2 leads, respectively, to the in-

Lities:
) . < 64 ¢ < 20 < 32 .
—-o(Dk) ’ —-c(Dk) > —-21o(Dk5

, when calculations are made with 1 = 32/0(Dk) as allowed by (7.3),
1¥§)an amplification of round-off errors in the calculation of riz)
A For this relatively low value of n this is not dangerous in

>tual computation since only a few instable evaluations are made in

2ssion. When a great number instable evaluations are made in succes-
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the results will be seriously influenced by round-off errors
are a similar situation in the theory of iterative processes for

tric matrix equations [3]).

Equations with imaginary eigenvalues

In solving symmetric hyperbolic differential equations we are faced
systems of ordinary differential equations which have Jacobian
ces with purely imaginary eigenvalues. When a Runge-Kutta type
rence scheme is used to solve this system of equations it is conve-
. to identify the stability polynomial Pn(z) with the class of poly-
s given in [1], section 5.1. We shall analyse the case n = 5. The
1ity polynomial is then given by (compare also table 3.2)

P(z)=1+z+-1—22+ 33+—1-z’++—]—zs.

n 2 167 T 32 128

polynomial is compatible with a second order exact scheme, so that

lerating matrix of type (L4.5) with By =1, By = 1/2 may be used,

— -
1 1
1 |
3 0 3 0 0

= |3 3
) R = 8 0 0 3 0 .

1 1
> 0 0 0 >
0 0 0 0 1

L -

For stepsize control we need a third order exact representation

i Solving equations (5.7) we arrive at the error formula
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=zl [—739r£0) + 966r;1) - 603ri2) + 376ré3)] + o(rh).

The numerical stability of this scheme is governed by the eigen-

le equations

_11 3
0, Aj"H’E’B

-2 -
- +)\. + A.TS
S (1 AJG)G AJT

52 305 4 1 s o
§° - (1+ 56)6 + > 6 = 0.

first equation leads to the sufficient conditions

L 6 8
1) T iO(Dk) s T _<_0-(ij > T 2 30(Dk5 s

second equation to the necessary condition (|313 < 1)

ol

'

1) 1 i-c(Dk)
. means that, integrating with the maximal step T = h/d(Dk) as pre-
bed by (7.9), numerical errors introduced in the last two functior
uations of a Runge-Kutta step are not damped out. Thus three stabl
uations are followed by two instable evaluations. In practice, how
', this will not be dangerous, because every complete step is a

le one by virtue of condition (7.9).
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